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University of TorontoAbstractWe consider the problem of how to combine a collection of generalregression �t vectors in order to obtain a better predictive model. Theindividual �ts may be from subset linear regression, ridge regression, orsomething more complex like a neural network. We develop a generalframework for this problem and examine a recent cross-validation-basedproposal called \stacking" in this context. Combination methods basedon the bootstrap and analytic methods are also derived and compared ina number of examples, including best subsets regression and regressiontrees. Finally, we apply these ideas to classi�cation problems where theestimated combination weights can yield insight into the structure of theproblem.1 IntroductionConsider a standard regression setup: we have predictor measurements xi =(xi1; . . .xip)T and a response measurement yi on N independent training cases.Let z represent the entire training sample. Our goal is derive a function cz(x)that accurately predicts future y values.Suppose we have available K di�erent regression �tted values from thesedata, denoted by ckz(x), for k = 1; 2; . . .K. For example, ckz(x) might be aleast squares �t for some subset of the variables, or a ridge regression �t, or1



something more complicated like the result of a projection-pursuit regression orneural network model. Or the collection of ckz(x)s might correspond to a singleprocedure run with K di�erent values of an adjustable parameter. In this paperwe consider the problem of how to best combine these estimates in order toobtain an estimator that is better than any of the individual �ts. The class thatwe consider has the form of a simple linear combination:KXk=1 �kckz(x): (1)One way to obtain estimates of �1; . . .�K is by least squares regression of y onc1z(x); . . .cKz (x). But this might produce poor estimates because it doesn't takeinto account the relative amount of �tting that is present in each of the ckz(x)s,or the correlation of the ckz(x)s induced by the fact that all of the regression �tsare estimated from the data z. For example, if the ckz(x)s represent a nested setof linear models, �̂k will equal one for the largest model and zero for the others,and hence will simply reproduce the largest model.In a paper in the neural network literature, Wolpert (1992) presented aninteresting idea known as \stacked generalization" for combining estimators.His proposal was translated into statistical language by Breiman (1993); heapplied and studied it the regression setting, calling it \stacked regression".Here is how stacking works. We let ckz(�i) (xi) denote the leave-one out cross-validated �t for ckz(x), evaluated at x = xi. The stacking method minimizesNXi=1hyi � KXk=1 �kckz(�i) (xi)i2 (2)producing estimates �̂1; . . . �̂K . The �nal predictor function is vz(x) =P �̂kckz(x).Notice how this di�ers from a more standard use of cross-validation. Usuallyfor each method k one constructs the prediction error estimatecPE(k) = 1N NXi=1[yi � ckz(�i) (xi)]2: (3)Then we choose ckz(x) that minimizes cPE(k). In stacking we are estimating alinear combination of models rather than choosing just one.In the particular cases that he tried, Breiman found that the linear com-binationPKk=1 �̂kckz(x) did not exhibit good prediction performance. Howeverwhen the coe�cients in (2) were constrained to be non-negative, vz(x) showedbetter prediction error than any of the individual ckz(x). In some cases theimprovement was substantial.This paper grew out of our attempt to understand how and why stackingworks. Cross-validation is usually used to estimate the prediction error of an2



estimator. At �rst glance, stacking seems to use cross-validation for a funda-mentally di�erent purpose, namely to construct a new estimator from the data.In this paper we derive a framework for the problem of combining estimatorsand as a result we cast the stacking method into more familiar terms. We alsoderive combination estimators based on the bootstrap, and analytic methods insome simple cases.2 A framework for combining regression esti-matorsAs in section 1, we have data (xi; yi); i = 1; 2; . . .N , with xi = (xi1 . . .xip), andlet z be the entire sample. We assume that each pair (xi; yi) is an independentrealization of random variables (X; Y ) having distribution F .Let Cz(x0) = (c1z(x0); . . .cKz (x0))T be a K-vector of estimators evaluated atX = x0, based on data z.We seek coe�cients � = (�1; . . .�K )T so that the linear combination estima-tor Cz(x)T � =P �kckz(x) has low prediction error. Our criterion for selecting� is ~� = argmin�E0F (Y0 �Cz(X0)T�)2: (4)Here z is �xed and E0F denotes expectation under (X0; Y0) � F .Of course in real problems we don't know E0F and so we have to de-rive sample-based estimates. The obvious estimate of g(z; F; �) = E0F (Y0 �Cz(X0)T �)2 is the plug-in or resubstitution estimateg(z; F̂ ; �) = E0F̂ (Y0 �Cz(X0)T�)2 = 1N NX1 (yi �Cz(xi)T�)2; (5)whose minimizer is the least squares estimator�̂LS = [Xi (Cz(xi)Cz(xi)T ]�1[Xi Cz(xi)yi]: (6)What's wrong with �̂LS? The problem is that the data z = (x1; y1; ) . . . (xn; yn)is used in two places: in constructing the Cz and in evaluating the error betweenyi and Cz(xi). As a result:1. PiCz(xi)Cz(xi)T andPi Cz(xi)yi are biased estimates of their populationanalogues2. g(z; F̂ ; �) is a biased estimator of g(z; F; �):3



Although description (1) above may seem to be more direct, in section 3 we will�nd that description (2) is more useful.The stacking method estimates the prediction error g(z; F; �) by1N NX1 (yi � Cz(�i) (xi)T�)2: (7)The corresponding minimizer gives the stacking estimator of ~�:�̂St = [Xi (Cz(�i) (xi)Cz(�i) (xi)T ]�1Xi Cz(�i) (xi)yi: (8)Stacking uses di�erent data to construct C and to evaluate the error between yand C, and hence should produce a less biased estimator of g(z; F; �).Remark A. Note that there is no intercept in the linear combination in (4).This makes sense when each estimator ckz(x) is an estimator of Y , so thatE[ckz(x)] � EY , and hence there are values of � giving E[P �kckz(x)] � EY(e.g. takeP �k = 1). In the more general case, each ckz(x) does not necessarilyestimate Y : for example each ckz(x) might be an adaptively chosen basis functionin a nonlinear regression model. Then we would want to include an intercept inthe linear combination: this causes no di�culty in the above framework, sincewe can just set c1z(x) � 1.3 Bootstrap estimatesOne can apply the bootstrap to this problem by bias-correcting the quantitiesPi Cz(xi)Cz(xi)T and PiCz(xi)yi appearing in the least squares estimator(6). However, it is more useful to approach the problem in terms of bias cor-rection of the prediction error function g(z; F̂ ; �). We then minimize the bias-corrected function ~g(z; F̂ ; �), to obtain an improved estimator ~�. The estimatorthat we obtain from this procedure is in fact the least squares estimator thatuses bias corrected versions ofPi Cz(xi)Cz(xi)T andPiCz(xi)yi. The advan-tage of approaching the problem through the prediction error function is thatregularization of the estimator can be incorporated in a straightforward manner(section 5).The method presented here is somewhat novel in that we bias-correct afunction of �, rather than a single estimator, as is usually the case. A similarproposal in a di�erent setting can be found in McCullagh and Tibshirani (1988).The bias of g(z; F̂ ; �) is�(F; �) = EF [g(z; F; �)� g(z; F̂ ; �)]: (9)Given an estimate �̂(F; �), our improved estimate isĝ(z; F; �) = g(z; F̂ ; �) + �̂(F; �): (10)4



Finally, an estimate of � is obtained by minimization of expression (10).How can we estimate �(F; �)? Note that the stacking method implicitlyuses the quantity1N nX1 (yi �Cz(�i) (xi)T�)2 � 1N nX1 (yi � Cz(xi)T�)2to estimate �(F; �).Here we outline a bootstrap method that is similar to the estimation of theoptimism of an error rate (Efron, 1982; Efron and Tibshirani, 1994 chapter 17).The bootstrap estimates �(F; �) by�(F̂ ; �) = EF̂ [g(z�; F̂ ; �) � g(z�; F̂ �; �)] (11)where F̂ � is the empirical distribution of a sample drawn with replacement fromz. The advantage of the simple linear combination estimator is that the theresulting minimizer of (10) can be written down explicitly (c.f section 8). Letg1(z; F̂ ) = 1N NX1 Cz(xi)Cz(xi)Tg2(z; F̂ ) = 1N NX1 Cz(xi)yi�1(F̂ ) = EF̂ [g1(z�; F̂ )� g1(z�; F̂ �)]�2(F̂ ) = EF̂ [g2(z�; F̂ )� g2(z�; F̂ �)] (12)Then the minimizer of (10) is�̂Bo = [g1(z; F̂ ) + �1(F̂ )]�1[g2(z; F̂ ) + �2(F̂ )]: (13)In simple terms, we bias-correct bothPN1 Cz(xi)Cz(xi)T=N andPN1 Cz(xi)yi=N ,and the resulting estimator is just the least squares estimator that uses the bias-corrected versions.As with most applications of the bootstrap, we must use bootstrap sampling(Monte Carlo simulation) to approximate these quantities. Full details are givenin the algorithm below. 5



Summary of bootstrap algorithm for combining estimators1. Draw B bootstrap samples z�b = (x�b; y�b), b = 1; 2; . . .B, and from each samplederive the estimators Cz�b .2. Evaluate Cz�b on both the original sample and on the bootstrap sample, andcompute�̂1 = 1B h 1N NXi=1 Cz�b (xi)Cz�b(xi)T � 1N NXi=1 Cz�b(x�bi )Cz�b(x�bi )T i�̂2 = 1B h 1N NXi=1 Cz�b (xi)yi � 1N NXi=1 Cz�b (x�bi )y�bi i:This gives corrected variance and covariancesMCC = 1N NXi=1 Cz(xi)Cz(xi)T + �̂1MCy = 1N NXi=1 Cz(xi)yi + �̂2:3. Use MCC and MCy to produce a (possibly regularized) regression of y on C.The regression coe�cients �̂ are the (estimated) optimal combination weights.The regularized regression mentioned in step 3 is discussed is section 5.Remark B. A key advantage of the simple linear combination estimator isthat the minimizers of the bias-corrected prediction error (10) can be writtendown explicitly. In section 8) we discuss more general tuning parameter selec-tion problems where this will typically not be possible, so that the proposedprocedure may not be computationally feasible.Remark C. Suppose that each ckz(xi) is a linear least squares �t for a �xedsubset of pk variables. Then it is easy to show that the kth element of thebootstrap correction �2(F̂ ) is �pk�̂2 (14)where �̂2 is the estimated variance of yi. Thus the bootstrap correction �2(F̂ )adjusts PCz(xi)yi=N downward to account for the number of regressors usedin each ckz. The elements of �1(F̂ ) are more complicated. Let the design matrixfor ckz be Z,with a corresponding bootstrap value of Z�k . Then the kkth elementof �1(F̂ ) is �̂2fEF̂ [(Z�Tk Z�k)�1]ZTk Zk � pg � 0; (15)6



the inequality following from Jensen's inequality. Thus �1(F̂ ) will tend toin
ate the diagonal of PCz(xi)Cz(xi)T=N and hence shrink the least squaresestimator �̂LS . The o�-diagonal elements of �1(F̂ ) are more di�cult to analyze:empirically, they seem to be negative when the ckzs are positively correlated.4 Linear estimators and generalized cross-validationSuppose each of the estimators ckz(xi), i = 1; 2; . . .N , can be written as Hkyfor some �xed matrix Hk. For example Hky might be the least squares �t fora �xed subset of the variables X1; X2 . . .Xp, or it might be a cubic smoothingspline �t.We can obtain an analytic estimate of the combination weights, by approx-imating the cross-validation estimate. Let hkii be the iith element of Hk. Astandard approximation used in generalized cross-validation givesckz(�i) (xi) = ckz(xi)� yi � hkii1� hkii� ckz(xi)� yi � tr(Hk)=N1� tr(Hk)=N � ~ckz(xi): (16)Therefore a simple estimate of the combination weights can be obtained by leastsquares regression of yi on ~ckz(xi). Denote the resulting estimate by �̂GCV.When ckz(xi) is an adaptively chosen linear �t, for example a best subsetregression, the above derivation does not apply. However, one might try ignoringthe adaptivity in the estimators and use above analytic correction anyway. Weexplore this idea in example 1 of section 6.5 RegularizationFrom the previous discussion we have four di�erent estimators of the combina-tion weights �:1. �̂LS: the least-squares estimator de�ned in (6).2. �̂St: the stacked regression estimator de�ned in (8).3. �̂Bo: the bootstrap estimator de�ned in (13)4. �̂GCV: the generalized cross-validation estimator de�ned below equation(16), available for linear estimators, ckz(x) = Hky.In our discussion we have derived each of these estimates as minimizersof some roughly unbiased estimate of prediction error ĝ(z; F̂ ; �). However inour simulation study of the next section (and also in Breiman's 1993 study),7



we �nd that none of these estimators work well. All of these are unrestrictedleast squares estimators, and it turns out that some sort of regularization mayneeded to improve their performance. This is not surprising, since the same phe-nomenon occurs in multiple linear regression. In that setting, the average resid-ual sum of squares is unbiased for the true prediction error, but its minimizer|the least squares estimator| does not necessarily possess the minimum pre-diction error. Often a regularized estimate, for example a ridge estimator or asubset regression, has lower prediction error than the least squares estimator.In terms of our development of section 2, the prediction error estimateĝ(z; F; �) is approximately unbiassed for g(z; F; �) for each �xed value �, butit is no longer unbiassed when a estimator �̂ is substituted for �. Roughly un-biassed estimators for g(z; F; �̂) can be constructed by adding a regularizationterm to ĝ(z; F; �) and this leads to regularized versions of the four estimatorslisted above.We investigate a number of forms of shrinkage in this paper. Most regu-larizations can be de�ned by the addition of a penalty function J(�) to thecorrected prediction error function g(z; F; �):~� = argmin�[ĝ(z; F; �) + � � J(�)] (17)where � � 0 is a regularization parameter. Let MCC and MCy be the biascorrected versions ofPiCz(xi)Cz(xi)T andPiCz(xi)yi respectively, obtainedby either the bootstrap, cross-validation or generalized cross-validation as de-scribed earlier. We consider two choices for J(�). Rather than shrink towardszero (as in ridge regression) it seems somewhat more natural to shrink �̂ towards(1=K; 1=K; . . .1=K)T , since we might put prior weight 1=K on each model �tckz. To regularize in this way, we choose J(�) = jj� � (1=K)1jj2, leading to theestimate ~� = (MCC + � � I)�1[MCy + (�=K)1]: (18)We could choose � by another layer of cross-validation or bootstrapping, buta �xed choice is more attractive computationally. After some experimentationwe found that a good choice the value of � such that the Euclidean distancebetween �̂ and (1=K; . . .1=K)T is reduced by a �xed factor (75%)Another regularization forces P �̂i = 1; this can be achieved by choosingJ(�) = �T1� 1 leading to~� = M�1CC [MCy � �1] (19)where � is chosen so that ~�T1 = 1.To generalize both of these, one might consider estimators of the form(MCC+�1I)�1[MCy+�21] and use a layer of cross-validation or bootstrappingto estimate the best values of �1 and �2. This is very computationally intensive,and we did not try it in this study. 8



Still another form of regularization is a non-negativity constraint, suggestedby Breiman (1993). An algorithm for least squares regression under the con-straint �k � 0; k = 1; 2 . . .K is given in Lawson and Hanson (1974), and thiscan be used to constrain the weights in the stacking and GCV procedures. Toapply this procedure in general, we minimize ĝ(z; F; �) (equation 10) under theconstraint �k � 0; k = 1; 2 . . .K leading to~� = argmin�(�TMCC� � 2MCy�) (20)This problem can be solved by a simple modi�cation of the algorithm given inLawson and Hansen (1974).Finally, we consider a simple combination method that is somewhat di�erentin spirit than other proposed methods, but which constrains ~�k � 0 and ~�T1 =1: We let ~�k be the relative performance of the kth model. For instance, onemight use ~�k = L(y; �̂k; ckz)Pj L(y; �̂j; ckz)where L(y; �̂k; ckz) is the maximized likelihood for model k: For a normal model~�k = �̂2�n=2kPj �̂2�n=2j ;where �̂2k is the mean residual error. The estimator can also be motivated asan \estimated posterior mean" where one assumes a uniform prior assigningmass 1=K to each model as we remark below. We replace �̂2k, the resubstitutionestimate of prediction error for model k, with a K-fold cross-validation estimateof prediction error.Remark D. The relative �t estimator and the other combination estimators ofthe linear form KXk=1�kckz(x) (21)can be related to the Bayesian formulation for the prediction problem. Forinstance, the predictive mean of an a new observation Y0 with a predictor vectorX0 can be expressed asE(Y0jz; X0) = Z E(Y0jX0; �;Mk; �)p(�; �;Mkjz)d�d�dMkwhere Mk represents the kth component model and � = (�1; � � ��k) representsthe parameters corresponding to all component models. The predictive meancan be re-expressed as 9



E(Y0jz; X0) = Z Z "Xk E(Y0jX0; �;Mk; �)p(Mkj�; �; z)# p(�; �jz)d�d�= Z Z "Xk C(X0; �;Mk)p(Mkj�; �; z)# p(�; �jz)d�d�where C(X0; �;Mk) represents the expected output for model Mk given � (and�) atX0. This formulation also motivates the non-negative weights (and weightsthat sum to one) for the component model outputs. Note, the choice of indepen-dent normal priors for �i corresponds to the ridge type shrinkage and a priorconsisting of point masses on the coordinate unit vectors corresponds to therelative �t weights.6 Examples6.1 IntroductionIn the following examples we compare the combination methods described ear-lier. Throughout we use 10-fold cross-validation, and B = 10 bootstrap sam-ples. Ten-fold cross-validation was found to be superior to leave-one out cross-validation by Breiman (1993), and it is computationally much less demanding.Estimated model error NX1 (f(xi)� f̂(xi))2is reported; f̂ (xi) is the estimated regression function and f(xi) is the true re-gression function evaluated the observed predictor values xi: Twenty-�ve MonteCarlo simulations are used in each example, and the Monte-Carlo means andstandard deviations of the mean are reported.6.2 Combining linear regression modelsIn this example, which is modi�ed from Breiman (1993), we investigate combi-nations of best subset regression models.The predictor variables X1; � � � ; X30 were independent standard normal ran-dom variables and the response was generated from the linear modelY = �1X1 + � � �+ �mX30 + �where � is a standard normal random variable. The �m were calculated by�m = 
�m, where �m are de�ned in clusters:�m = (h � jm� 7j)2Ifjm� 7j < hg+10



(h � jm� 14j)2Ifjm� 14j < hg+(h � jm� 21j)2Ifjm� 21j < hg:The constant 
 was determined so that the signal to noise ratio was approxi-mately equal to one. Each simulated data set consisted of 60 observations.Two values h = 1 and h = 4 were considered; the case h = 1 corresponds toa model with three large non-zero coe�cients and h = 4 corresponds to a modelwith many small coe�cients. We report the average model errors in Tables 1and 2.As expected, for the uncombined methods, ridge regression performs wellwhen there are many small coe�cients and best subset regression is the clearchoice when there were a few large coe�cients.Most of the combinationmethods without regularization do not yield smallermodel errors than standard methods; the cross-validation combination methodand generalized cross-validation method give substantially larger model errorsthan ordinary least squares, ridge regression or best subsets. Only, the bootstrapmethod for the three large coe�cient model yields smaller model errors thanordinary least squares and ridge regression.However, regularization substantially reduces the model error of the com-bination methods. The non-negative estimators seem to perform as well as,and sometimes far better than, the shrinkage estimators and the estimatorsconstrained to sum to one. The bootstrap and the cross validation combinationmethods with non-negativity constraints yield smaller average model errors thanridge regression and ordinary least squares for both the many small coe�cientmodel and the three large coe�cient model and yield results very close to bestsubsets for the three coe�cient model.The relative �t weights seem to perform well relative to the other combi-nation methods for the model with three large coe�cients, but yield somewhatlarger errors than some of the combination methods with regularization for themodel with many small coe�cients.6.3 Combining tree-based regression modelsTree-based regression procedures typically grow a large model that over�ts thedata and then prune the tree and select the model, among a nested sequence ofmodels or sub-trees, that minimizes an estimate of prediction error.We consider the sequence of models derived by the cost-complexity pruningalgorithmof the Classi�cation and Regression Tree (CART) algorithm (Breiman,Friedman, Olshen and Stone, 1984). The cost-complexity measure of tree per-formance is R�(T ) = Xh2 ~T R(h) + � � [ # of terminal nodes in T ];11



Table 1: Average model errors (and standard errors) for Example 1. Many weakcoe�cientsMethod RegularizationNone Non-negativity Shrinkage Sum to oneLeast squares 29.3 (1.2) - - -Ridge (by CV) 25.2 (1.5) - - -Best Subset (by CV) 33.3 (2.2) - - -Relative Fit Weights (by CV) 27.6 (1.5) - - -Combination by least squares 29.3 (1.2) 29.3 (1.2) 29.0 (1.2) 29.3 (1.2)Combination by CV 69.8 (5.9) 24.0 (1.6) 49.4 (4.2) 66.7 (5.7)Combination by GCV 60.0 (12.6) 22.4 (1.0) 29.4 (1.4) 30.9 (1.5)Combination by bootstrap 32.7 (5.6) 21.0 (3.0) 22.2 (3.1) 23.7 (2.9)
Table 2: Average model errors (and standard errors) for Example 1. Three largecoe�cientsMethod RegularizationNone Non-negativity Shrinkage Sum to oneLeast squares 29.3 (1.2) - - -Ridge (by CV) 24.1 (0.9) - - -Best Subset (by CV) 8.5 (1.5) - - -Relative Fit Weights (by CV) 8.7 (1.5) - - -Combination by least squares 29.3 (1.2) 29.3 (1.2) 28.9 (1.2) 29.3 (1.2)Combination by CV 45.3 (3.6) 9.5 (1.1) 28.1 (2.7) 36.7 (2.7)Combination by GCV 52.5 (18.2) 14.0 (1.0) 27.0 (1.1) 29.5 (1.4)Combination by bootstrap 16.5 (2.19) 10.1 (1.0) 11.3 (1.1) 12.6 (1.2)12



Table 3: Average model error (and standard errors) for regression tree combi-nationsMethod RegularizationNone Non-negativity shrinkageUnpruned tree 92.9 (2.5) - -Best tree by CV 68.4 (2.6) - -Combination by Relative Fit 66.2 (2.6) - -Recursive Shrinkage 57.8 (1.5) - -Combination by bootstrap 88.5 (5.0) 60.1 (1.8) 68.8 (2.5)where � is a penalty per terminal node, R(h) is the resubstitution estimateof prediction error for node h and ~T are the terminal nodes in the tree. Forany value of � the cost complexity pruning algorithm can e�ciently obtainthe sub-tree of T that minimizes R�(T 0) over all subtrees T 0 of T: We applythe combination methods to the sequence of optimally pruned sub-trees for0 � � <1:For this example, we assume predictors X1; � � � ; X10 are independent stan-dard normal distributed,f = IfX1 > 0g+ IfX2 > 0g+ IfX2 > 0gfX1 > 0g+X3and add noise generated from the standard normal distribution. Data sets ofsize 250 observations were generated.The bootstrap combination method with ridge regression, and the tree se-lected by a 10-fold cross validation estimate of prediction error yielded similarmodel errors. The bootstrap combination method with the non-negativity con-straint yielded slightly larger errors on these data sets than a recursive shrinkagemethod for tree models (Hastie and Pregibon, 1991, Clark and Pregibon, 1992).However, both of these methods, for this example, give substantially smallererrors than the standard method which selects the best tree by 10-fold crossvalidation.We consider the results from one typical simulated data set in more detail.The unpruned tree and the best tree selected by 10-fold cross validation aregiven in Figures 1 and 2. The bootstrap combination method with non-negativecoe�cients yielded an estimate of � with three non-zero coe�cients�̂T = (0; :093; :396;0;0; 0; 0; 0;0;0; 0; 0;0;0;0; 0; 0;0;0; :484; 0);corresponding to pruned sub-trees of size 2, 3 and 20 terminal nodes. Note,the resulting combination model can be represented by the unpruned tree withmodi�ed estimates for the terminal nodes. The three tree models correspondingthe non-negative coe�cients are given in Figure 3.13
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Interpretation of the non-negative coe�cient model is aided by using ananalysis of variance decomposition to represent the e�ect branches in the tree.Let �̂(Tj) be the �tted values for the tree corresponding to the jth non-zerocoe�cient. The �tted values of combination model can be expressed asf̂ = :973�̂(T1) + :880 [�̂(T2)� �̂(T1)] + :484 [�̂(T3) � �̂(T2)] + 0 ��̂(Tfull)� �̂(T3)� (22)where Tfull is the unpruned tree. Therefore, one can interpret the combinationwith non-negative constraints as an increasing shrinkage of the e�ects in thelower branches of the tree. This explains, in part, why the performance ofthis combination method and the recursive shrinkage method were similar onaverage. Note, for data sets which yield some shrinkage factors close to 0 in adecomposition analogous to (22), one could set those factors to zero, e�ectivelypruning the tree, to obtain a more interpretable model.7 Classi�cation problemsIn a classi�cation problem, the outcome is not continuous but rather falls intoone of J outcome classes. We can view this as a regression problem with a mul-tivariate J-valued response y having a one in the jth position if the observationfalls in class j and zero otherwise.Most classi�cation procedures provide estimated class probabilities functionsp̂(x) = (p̂1(x); . . . p̂J (x))T . GivenK such functions p̂k(x) = (p̂k1(x); . . . p̂kJ (x))T ,k = 1; 2; . . .K, it seems reasonable to apply the combination strategies eitherto the probabilities themselves or their log ratios. That is, we take ckjz (x), thejth component of ckz(x), to be eitherckjz (x) = p̂kj (x) (23)or ckjz (x) = log p̂kj (x)p̂kJ (x) (24)In our experiments, we found that the use of probabilities (23) gives betterclassi�cation results and is more interpretable.Let P̂(x) = (p̂11(x); p̂12(x); . . . p̂1J (x); p̂21(x); p̂22(x); . . .)T , a vector of lengthJK. Then the combination estimator has the form�j(x) = �Tj P̂(x); j = 1; 2; . . .J; (25)where �j is a JK-vector of weights. We then apply the straightforward mul-tivariate analogues of the procedures described earlier. The population regres-sion problem (4) becomes a multi-response regression, producing vector-valued16
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Figure 4: Typical realization for example 2.estimates �̂Tj . The combination estimators are computed in an analogous fash-ion to the regression case. Finally, given the combination estimators �̂j(x) =�̂Tj P̂(x), the estimated class probabilities are taken to be �̂j(x)=Pj �̂j(x). Anon-negativity constraint for the weights is especially attractive here, becauseit ensures that these estimated probabilities lie between 0 and 1.7.1 Example 2.: combining linear discriminant analysisand nearest neighboursIn this example the data are two dimensional, with 4 classes. A typical datarealization is shown in �gure 4. Classes 1, 2 and 3 are standard independentnormal, centered at (0,0), (1,1) and (6,0) respectively. Class 4 was generated asstandard independent normal with mean (6,0), conditional on 4:5 � x21+x22 � 8.There were 10 observations in each class.We consider combination of linear discriminant analysis (LDA) and 1-nearestneighbour method. The idea is that LDA should work best for classes 1 and 2,but not for classes 3 and 4. Nearest neighbour should work moderately well for17



Table 4: Average % test error (and standard deviations) for Example 3.Method RegularizationNone Non-negativityLDA 36.3 (.64) -1-nearest neighbour 27.5 (.87) -Combination by least squares 26.1 (.94) 25.2 (.90)Combination by bootstrap 27.0 (.95) 25.7 (.95)Table 5: Average combination weights for Example 3.LDA 1-nearest neighbourClass 1 2 3 4 1 2 3 41 0.75 0.00 0.00 0.00 0.31 0.00 0.00 0.002 0.00 0.80 0.00 0.00 0.00 0.29 0.00 0.003 0.00 0.00 0.02 0.07 0.00 0.00 0.95 0.004 0.00 0.00 0.01 0.01 0.00 0.00 0.00 1.13classes 1 and 2, and much better than LDA for classes 3 and 4. By combiningthe two, we might be able to improve on both of them.To proceed, we require from each method, a set of estimated class proba-bilities for each observation. We used the estimated Gaussian probabilities forLDA; for 1-nearest neighbour we estimated the class j probability for featurevector x by exp(�d2(x; j))=PJj=1 exp(�d2(x; j)), where d2(x; j) is the squareddistance from x to the nearest neighbour in class j. The results of 10 simulationsof the combined LDA/nearest neighbour procedure are shown in Table 4We see that simple least squares combination, or regularized combinationby bootstrap, slightly improves upon the LDA and 1-nearest neighbour rules.More interesting are the estimated combination weights produced by the non-negativity constraint. Table 5 shows the average weights from the combinationby bootstrap (the combination by least squares weights are very similar). LDAgets higher weight for classes 1 and 2, while 1-nearest neighbour is used almostexclusively for classes 3 and 4, where the structure is highly nonlinear.In general, this procedure might prove to be useful in determining whichoutcome classes are linearly separable, and which are not.18



8 More general combination schemesMore general combination schemes would allow the �ks to vary with x:KX1 �k(x)ckz(x): (26)A special case of this would allow �k to vary only with ckz, that isKX1 �k(ckz(x))ckz(x): (27)Both of these models fall into the category of the \varying coe�cient" modeldiscussed in Hastie and Tibshirani (1993). The di�culty in general is how toestimate the functions �k(�); this might be easier in model (27) than in model(26) since the ckzs are all real-valued and are probably of lower dimension thanx. One application of varying combination weights would be in scatterplotsmoothing. Here each ckz(x) is a scatterplot smooth with a di�erent smoothingparameter �k. The simple combination P�kckz(x) gives another family of es-timators that are typically outside of the original family of estimators indexedby �. However, it would seem more promising to allow each �k to be a functionof x and hence allow local combination of the estimates. Requiring �k(x) tobe a smooth function of x would ensure that the combination estimator is alsosmooth.Potentially one could use the ideas here for more general parameter selectionproblems. Suppose we have a regression estimator denoted by �z(x; �). Theestimator is computed on the data set z, with an adjustable (tuning) parametervector �, and gives a prediction at x. We wish to estimate the value of � givingthe smallest prediction errorg(z; F; �) = E0F (Y0 � �z(X0; �))2: (28)Then we can apply the bootstrap technique of section 3 to estimate the bias ing(z; F̂ ; �) = PNi=1(yi � �z(xi; �)2. Using the notation of section 3, the biasedcorrected estimator has the formĝ(z; F̂ ; �) = NXi=1(yi � �z(xi; �̂))2 + �̂(F̂ ; �) (29)where�̂(F̂ ; �) = 1B h 1N PNi=1(yi � �z�b (xi; �))2 � 1N PNi=1(y�bi � �z�b(x�bi ; �))2i:We would then minimize ĝ(z; F̂ ; �) over �. This idea may only be useful if�z(x; �) can be written as an explicit function of �, so that ĝ(z; F̂ ; �) and its19



derivatives can be easily computed. In this paper we have considered the linearestimator �z(x; �) = P �kckz(x) for which the minimizer of ĝ(z; F̂ ; �) can beexplicitly derived by least squares. The variable kernel estimator of Lowe (1993)is another example where this procedure could be applied: in fact, Lowe usesthe cross-validation version of the above procedure to estimate the adjustableparameters �. In many adaptive procedures, e.g. tree-based regression, theestimator �z(x; �) is a complicated function of its tuning parameters, so thatminimization of ĝ(z; F̂ ; �) would be quite di�cult.9 DiscussionThis investigation suggests that combining of estimators, used with some regu-larization, can be a useful tool both for improving prediction performance andfor learning about the structure of the problem. We have derived and stud-ied a number of procedures and found that cross-validation (stacking) and thebootstrap, used with a non-negativity constraint, seemed to work best. Thebootstrap estimates seem to require far less regularization; the reason for thisis not clear.An interesting question for further study is: how can we choose estimatorsfor which combining will be e�ective?ACKNOWLEDGEMENTSWe would like to thank Mike Escobar, Trevor Hastie and Geo�rey Hinton forhelpful discussions and suggestions. Both authors gratefully acknowledge thesupport of the Natural Science and Engineering Research Council of Canada.ReferencesBreiman, L. (1993). Stacked regression. Technical report, Univ. of Cal, Berkeley.Breiman, L., Friedman, J., Olshen, R., and Stone, C. (1984). Classi�cation andRegression Trees. Wadsworth International Group.Clark L. and Pregibon D. (1992). Statistical Models in S, chapter Tree-Basedmodels. Wadsworth International Group.Efron, B. (1983). Estimating the error rate of a prediction rule: some improve-ments on cross-validation. J. Amer. Statist. Assoc., 78:316{331.Efron, B. and Tibshirani, R. (1993). An Introduction to the Bootstrap. Chapmanand Hall, New York.Hastie, T.J. and Tibshirani, R.J. (1993). Varying coe�cient models (with dis-cussion). J. Royal Statist. Soc. B, 55:757{796.20
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